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Nomenclature

c =dimensionless specific heatc’/c,,
f = dimensionless heat flux, f(¢")/ (a,/t;) *ppnL
k = dimensionless conductivity, k' /k,,
L =latent heat
r = —1 for melting

=1 for solidification
s =dimensionless location of melting or fusion line,

s’/ ()
T = dimensionless temperature, ¢, 7’ /L
t =dimensionless time, ¢’ /#,
t =arbitrary reference time
T’ =dimensional temperature
T

= dT
-
w =00/ ) ¢
X =dimensionless distance x’ / (a;,29) ¥
x’ =dimensional distance from the surface
¥y =variable defined by Eq. (9)
z =variable defined by Eq. (10)
o =dimensionless thermal diffusivity, a’/«;,
o =dimensionless density, o’ /p,,
g =f'(t)s'/a'p’L
Subscripts
0 = condition at the surface
m = condition at the liquid-solid interface
Superscript

=dimensional variables
(Prime)

Introduction

ECENTLY, Imber and Huang! extended an earlier paper ‘

by Goodman?$ on the phase change problem in a semi-
infinite region with prescribed surface temperatures by in-
cluding the effect of variable thermal properties. The same
type of problem associated with a more practical boundary
condition, prescribed heat fluxes at the surface, has not yet
been investigated. Complementary to Ref. 1, this Note
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tDespite its typographical error, Eq. (44) of Ref. 2 has been
frequently reproduced or referred to, e.g., see Refs. 3 and 4. The
second term of this equation should read

_2(6—1)1{ [14+B8s(2+s)1" + (I+s)VB }
B 1+VB

presents an appropriate solution for phase changes in a semi-
infinite region with variable thermal properties and with ar-
bitrary heat fluxes.

Analysis

Consider a semi-infinite region of liquid (or solid) which is
initially at its fusion (or melting) temperature, 7,,. The sur-
face is suddenly exposed to a heat flux f{#), which causes a
phase change. If we assume the thermal properties of the
liquid or solid are functions of temperature only, the dimen-
sionless governing equations describing this system may be
written as

pc%?zaix(k%;) >0 0<x=<s(1) 1)
T=T, @ t=0 @
k2 =t @x=0 ©
T _ ds
o Pg @x=s) ©)]
T=T, @ x=5(?) 6

where p=1 represents the case of solidification and p= —1
for melting, so that the heat flux function f(z) is always
positive. For convenience, but without losing generality, the
melting or solidification temperature T, is set equal to zero.
Employing the following Goodman transformation

T
u= Sopc dT 6)

and assuming a parabolic temperature profile inside the newly
formed solid (or liquid) we than apply the heat balance in-
tegral method and obtain surprisingly simple expressions in-
volving the surface temperature and the melting line location.
They are

Y £
Uo= 4 )
6p (! o
op— 2 |y di=y—z ®
where
y=—pf(t)s/ay ®
—1+[1+4%y)s— (w+ é— )] %
_ 0
= w+1/p) (10)
_ o
T odu lx=s
and

a=a'la’,,

~ As can be seen, the complicated boundary value problem in-

volving a nonlinear differential equation and a nonlinear
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Fig. 1 Dimensionless time-variant melting-line motion (pc=
1+0.017).
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Fig. 2 Dimensionless surface temperature history of the liquid (pc =
1+0.01 7).

boundary condition is reduced to a system of simultaneous
algebraic equations represented by Eqgs. (7) and (8).

Discussion
We first examine some limiting solutions from the present
analysis. For constant thermal properties, i.e., pg=1, ap=1
and w=0, Eq. (8) is reduced to

S () +NVI+4f(t) -s= -5+ % Sof(t)dt an

which agrees with the earlier results of Ref. 2. It is of interest
to note that the parameter p disappears in the previous ex-
pression. This implies that the formulation for solidification
is equally applicable to the case of melting only when the ther-
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Fig. 3 Dimensionless time-variant melting-line motion (a«=1
+0.01 7).
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Fig. 4 Dimensionless surface temperature history of the liquid
(@=0.017).

mal properties are assumed constant. For the case of constant
heat flux, f(¢) =fEq. (8) is simplied to

4 1
—reir g Ly
S ) p AL
@y I1+pw s

12)

Note that s is in terms of p in Egs.(8) and(12).

We now consider some typical examples of melting of solids
(p=1) in which the heat fluxes are linear or exponential func-
tions of time and the thermal properties are linear functions
of temperature, i.e., a=1+b,T, pc=1 +b,Twithb,,and b,
being constants. Numerical solutions based on Eqgs. (7) and
(8) are illustrated graphically in Figs. 1-4. The first two figures
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show the time variant location of the solid-liquid interface
and the surface temperature history. The heat capacity for
this case is in terms of pc =1+0.01 T and b, is a parameter.
The solid lines represent the results for which the heat flux is
- an exponential function of time, and the dash lines
correspond to the situation with the heat flux being a linear
function of time. The results with constant thermal properties
are also included for the purpose of comparison. The same
type of curves are presented in Figs. 3-4 with b; fixed and b,
varied. It is seen that the quantity b; tends to increase s and
decrease T, but the increase of b, reduces both s and T. Fur-
thermore, the variation of b, does not affect the melting rate

very much, although it influences the surface temperature -

considerably.
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Stability of Lase_r Heated Flows

P.K.S. Wu*and A. N. Pirri*
Physical Sciences Inc., Wakefield, Mass.

Introduction

HE success of any system designed to convert high

power laser radiation into directed kinetic energy depends
upon the ability of the system to perform this conversion ef-
ficiently. Neither the work on laser propulsion! nor Hertz-
berg et al.* have @ priori addressed the fundamental issue of
the most efficient process by which a flowing gas can absorb
laser radiation .and convert it to useful work. Pirri et al.!?
relied upon the creation of electrons via breakdown to initiate
absorption by inverse Bremsstrahlung and subsequent con-
version of the heated gas into kinetic energy to obtain high
specific impulse. However, these experiments illustrated a
posteriori that without some tailoring of the propellant com-
position, the conversion process yields the initiation of ab-
sorption waves in the gas.? This results in unsteady flow
behavior and low power conversion efficiency.

The stability of radiatively heated flows along w1th
suggestions for acoustic wave amplification by radiative ab-
sorption have been examined to some extent by many
authors.’ However, due to the inhomogeneity in the one-
dimensional nozzle  flow, when the disturbances are in-
troduced, the full eigenvalue problem is rather difficult. For-
tunately, much can be learned about wave propagation
without solving the full boundary value problem, and in-
formation can be extracted from a study of the modified
dispersion relation. To obtain the modified - dispersion
relation in inhomogeneous media the actual disturbance is ap-
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proximated by harmonic functions over a small distance
(small compared with the characteristic lengths associated
with the gradients of the flow), and, hence, the analysis is only
an accurate description ‘‘locally.’” The procedure is com-
monly used in problems of this type, e.g., Monsler® has
examined the instability of radiative transfer between two in-
finite plates. Here we apply the ‘“‘local’’ stability analysis to a
given nozzle to’ obtain contour (or contours) of neutral
stability.

Method of Analysis

For simplicity, consider a one-dimensional flow through a
nozzle of variable area ratio that is heated by laser radiation.
The laser beam enters from the up-stream direction. The
governing equations for the quasi-one-dimensional flow
without viscous dissipation, diffusion, and thermal con-
duction but including radiative heat transfer are

i} 0
— (pA — A)=0
Y (04) + o (puA) (¢))
1 .
ﬂ + u_a.li + — _a_p_ =0 )
at ox p 0x
dh, ohy 1 op 1. d(A) 3
ot ax o 3  pA dx

where p is the density; u is the velocity; A is the area; p is the
pressure; ki, is the stagnation enthalpy; and 7 is the intensity.
For the radiative source term, it is assumed that -

IA =I,~A,~e"7

where 7 is the optical depth defined as’

= S;K dx @

and a generalized absorption coefficient « is assumed to be of
the form

k=kp"T™ ®)

where . is a constant; T is the gas temperature; and 7 and m
are constants characterizing the absorber. All radiation quan-
tities (7, I;, «, 7, k.) are quasi-monochromatic in the sense of
Ref. 8. Finally the equation-of-state, p =pR7T, together with
Eqgs. (1-3) provide the necessary equations for variables o U,
p,and T.

The governing equations for the steady-state solutions are
the same as the previous equations with the time derivatives
set equal to zero. Substituting Eq. (4) into Eq. (3) and in-
tegrating the resulting steady-state energy equation yields

h(ry=1+T(l—-e"7)

where the stagnation enthalpy is normalized by its initial value
hg and the important parameter I', the ratio of laser power to
the initial total energy flux of the flow, is defined as

T'= (IP/ (puAH,;)

where IP is the laser power.

A general method of solution for the steady-state equations
may be employed.® The governing equations can be combined
to yield a“relationship which governs the Mach number
variation through the nozzle.

dm? 1 (y=1)
= 1 M? :'MZI: 1+ yM?
dr  I-M? [ t T3 (I+7M7)
1 dn, 2 dA
x h—s dr A dr ] ©
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